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1 Introduction and main resulats 


The research on p-adic fields involves multiple fields, including mathematics, theoretical 
physics, and computer science. In the field of mathematics, p-adic fields are an impor- 
tant branch of number theory, mainly studying the properties and structures of p-adic 
numbers |19, 21]. In theoretical physics, the p-adic theory is widely used in quantum 
mechanics, string theory, and cosmology. Among them, p-adic numbers can describe the 
states and interactions of particles in quantum mechanics [2, 5, 8], while in string theory 
they can describe the vibration patterns and interactions of strings. Additionally, p-adic 


numbers are also used to describe the geometric structure and evolution of the universe in 
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cosmology. In computer science, the p-adic theory is applied in cryptography, computer 
graphics, and data encryption [3, 4, 18]. Among them, p-adic numbers can provide a 
method of encryption and decryption in cryptography, while in computer graphics they 
can be used to generate images with complex geometric shapes. In summary, the research 
on p-adic fields involves multiple fields with a wide range of applications and profound 
research values and significance. 

Assume that Z, Q be the field of integers and rational numbers, respectively. For 
a fixed prime number p, the p-adic field Q, were originally given by K.Hensel in 1908, 
is composed of Q with respect to non-Archimedean p-adic absolute value: let x = pġ, 
where x € Q andy € Z, a and b are non-zero integers which are not divisible by p, the 
p-adic absolute value is |x|, = p~7. 

It is well known that the non-Archimedean p-adic absolute value has many properties 
similar to the Archimedean absolute value, for instance, positive definiteness, product 
properties and non-Archimedean p-adic absolute value inequality. Exactly speaking, these 
properties are shown as follows. 

(1) |x|, > 0. Specially, |x|, = 0 if and only if x = 0; 

(2) leyl = lzlplylp: 

(3) |x + ylp < max{|z|,, |y|p}. If |x|, A |y|p. then the equality holds and the converse 
is also true. 

Combining Properties (1) and (3), we also obtain the same triangle inequality as 
Archimedean absolute value, namely, |x + y|p < |ælp + |y|p- 

From the standard p-adic analysis, Nonzero p-adic number x can be written as. 


oO 


x = p” (ao Fap ṣ4 azp f e) =p’ X ap, a; =0,---,p—1, 
j=0 


where |x|, = p™7 when a, 4 0. Naturally, the above p-adic number x converges. 

In the next time, we need to further consider the n-dimensional p-adic linear space Q}, 
when n = 1, this case is shown in the description above. For any n-dimensional vector 
© = (£1, L2,-,-,+,Ln), where z; E Q, (i = 1,...,n), then the following p-adic absolute value 


is given by 
lel, = max |z;|p- 
Finally, the p-adic ball is denoted by 
B,(a) = {x € Q; : |z — alp < p}, 
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where the center of p-adic ball a € Q; and radius p7 with y € Z. The p-adic corresponding 
sphere is denoted by 


S,(a) = {£ E€ Q; : |e — alp = p} = B,(a) \ By- (0), 


specially, if a, y = 0, then the Bo(0) and So(0) are called the p-adic unit ball and p-adic 
unit sphere, respectively. 

Moreover, when a = 0, we usually omit the center of p-adic ball and sphere. On the 
other hand, from the definition of p-adic ball and sphere, we observe a relation between 
them, exactly speaking, B„(a) = U,<, Sk(a) and Q) \ {0} = Uez Sy. For any ao € QF 
and y € Z, it is not difficult to obtain the following equalities 


ao + B, = B,(ao) and ao + Sy = S- (ao) = B,(ao) \ By_1(ao). 


Since Q; is a locally compact commutative group under addition, there exists Haar 
measure on Q}, it is easy to know that unique Haar measure dz on Q5 (up to positive 
constant multiple) satisfies translation invariant (i.e., d(x +a) = dx). Here, it means we 


integrate on p-adic unit ball firstly, such that 


| dx = IBoln = 1, 
Bo 


where |Bo|, is denoted by the Haar measure of p-adic unit ball. Generally speaking, for 


any a € Q and y € Z, we have 


f dz = |B,(a)|, =p" 
By(a) 
and 
f E= Soh = PCL =P") = Bo = Baloh 


For more details about the p-adic analysis, we refer readers to [23, 24] and references 
therein. 

As we all known, the study of commutator has caught a lot of attention due to many 
applications in partial differential equations and hormonic analysis, 

Let T be the classic singular integral operator, the Coifman-Rochberg-Weiss type 
commutator |b, T] generated by T and a suitable function b is defined by 


b, T]f =bT(f)-T@f). 
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It is well-known that b € BMO(R”) if and only if [b,7] is bounded on L*(R") for 
1 < s < œ, that’s because Coifman, Rochberg and Weiss [9](see also [16]). In [16], Janson 
proved that the necessary and sufficient condition for the boundedness of commutators 
from L*(R") to L4(R") (1 < s < 3 and į — į = E with 0 < 8 < 1) is b € Ag(R"), thus 
giving some characterizations of Lipschitz space Ag(R”). 


Let 0 < a < n, we define the p-adic fractional maximal operator as 


1 
M? = sup ——_—~ dy, 
ZN) = sup [vere 


where the supremum is taken over all p-adic balls B(x) C Q%. 


Then the maximal commutator of M? with b is given by 


MP ,(f)(2) = sup e f PE) = BOI oD 


E 
veZ |B,(x)|, ” 


where the supremum is taken over all p-adic balls B(x) C Q%. 


Furthermore, assume that b : Q; > R and f : Q; —> R are measurable mappings, 


then the nonlinear commutators of fractional maximal operator can be defined as follows: 


[b, Malf (x) = b(@) Ma (f) (2) — Maf) (2). 


If a = 0, we have [b, M”] = [b, Mọ] and My = Mọ» 

It is easy to see that MẸ, and [b, MẸ] essentially differ from each other. For instant, 
M Ab is positive and sublinear, however, |b, M}?] is neither positive nor sublinear. 

The fractional maximal operator and its commutators generated by functions of dif- 
ferent forms have been considered by many authors and applied to various aspects, for 
example, [1, 6, 10-13, 31]. Exactly speaking, for the case of symbol b € BMO(R”), Bas- 
tero et al. [6] obtained the boundedness of [b, M] in L4(IR") for 1 < q < co. Zhang and Wu 


further in [28—30]considered the same problem for the commutator of fractional maximal 


function and obtained the mentioned results on variable Lebesgue spaces, as well as the 
commutator [b, M*]. When the symbol b € A,g(R"). Guliyev, Deringoz and Hasanov [12] 


gave the boundedness of fractional maximal commutator and nonlinear commutator of 


fractional maximal function on Orlicz space. In [31] by Zhang et al further extended some 
results of [12] to nonnegative Lipschitz function and obtained the characterization for the 
boundedness of the maximal commutator Ma,». 

Actually, the commutators of fractional maximal operator [b, M?| have been studied 


by many authors in the p-adic linear space, for instance, [7, 14, 15, 25, 26] etc. Recently, 
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He and Li [15] gave the necessary and sufficient conditions for boundedness of some 
commutators of maximal function on the p-adic linear spaces, besides, Wu and Chang 
[26, 27] not only extended the results to commutators of the fractional maximal function, 
but also the results were extended to p-adic variable Lebesgue spaces, as well as the 
commutator [b, M*]. However, the study of Orlicz spaces in p-adic linear spaces is quite 
a few, which look worthy of further investigations. 

Encouraged by the above-mentioned literature, The purpose of this article is to ob- 
tain the boundedness for commutators of fractional maximal function and sharp maximal 
function in the context of the p-adic version of Orlicz spaces, where the symbols of the 
commutators belong to the p-adic version of Lipschitz space, whereby some new charac- 
terizations for Ag(Q") spaces are given. 

our results are stated as follows: 

The following result, futhermore, let a > 0, for a fixed p-adic ball B,, the fractional 


maximal function with respect to B, of locally integrable function f is given by 


wa (f(e)= sup ———+ f IF (y)lay, 
By (x) 


By (WCB |B (x); i 


where the supremum is taken over all the p-adic ball B,(x) with B,(x) C B, for a fixed 
p-adic ball B,. If a = 0, M}, = Mọ p, 
Naturally, we need to consider the follwing result of boundedness of the nonlinear 


commutators [b, M8] and MẸ, 


Theorem 1.1 Assume that b € Lie), O0< a<nO0<6<10<a+8< 
n, suppose that ® and Y are Young functions satisfying 6 € YN Və and U-!(p-”) ~ 
pier) @-l(p-7”). then the following statements are equivalent: 

(1) b € Ag(Q%) and b > 0. 

(2) [b, M2] is bounded from L®(Q”) to L” (Qp). 

(3) There exists a constant C > 0 such that 


sup |B,(¢)|,"¥ "(1B (0) fx IBC) - Mh w Olle) < C. (1.1) 


(4) There exists a constant C > 0 such that 


1 
uD ae by) — Mh @y()(y)ldy < C (1.2) 
yEZ 1+ B ( ) Y 
zeQ7 |By(æ)l; ae 


Remark 1 Theorem 1.1 obtains new characterizations of the non-negative Lipschitz 
functions. Some similar conclusions were shown in the Lebesgue space and variable ex- 
ponent Lebesgue space in [15, 25]. Let U-1(|B,(a)|;") = IIxz,@)llZs (Qn) (see Lemma 2.3 

Pp 


below), then (1.1) are equivalent to the following inequality. 


—£ I| (0 = M? i (b) xB, mlle) 
n y( ) P < C 


sup Balg 
|B, (2)|p IIx, (x) llr") 


which can be compared with some results we know. For instant, let q(-) be a variable 
exponent and satisfy the Hardy-Littlewood maximal operator is bounded on LO (Qp), 
then b € Ag(Q>) and b > 0. if and only if 

2 [È - MB w HxB wll — C. 


sup |B,(z)|)," 
|B,(x)I, [XB w llr) 


For the case of ®(t) = t”, Y(t) = t1. the following result can be obtained. We also see 


[25] 
1_ até 


Corollary 1.1 Assume that b € Lj,.(Q;),0 <a <n.Ifl<r< fy and i =.-= 


, then the following statements are equivalent. 
(1) b € Ag(Qy) and b > 0. 
(2) [b, MR] is bounded from L” (Q%}) to LI(Q%). 
(3) There exists a positive constant C such that 


1 1 1 
SUP £ (B (x)| | lbè(y) — Mg (a (b)(y)| dy)" <C. 
Ln (Dale) |e INIR J Bye) 


rEQ% 


(4) There exists a positive constant C such that 


1 
sup = | bo- MB BV(W)ldy < C 
H |Bya) ne a 


xrEeQe 
For the case of a = 0 at theorem 1.2. we have the following result which extends the 


result of Theorem 4 in [15] to the Orlicz space. 


Corollary 1.2 Assume that b € Lj,,(Q%), suppose that ® and W are Young functions 
satisfying ® € VY N Vz and W-1(p-”) ~ pY¥O"1(p-7”), then the following statements are 


equivalent. 


(1) b € Ag(Q%) and b > 0. 
(2) [b, M?] is bounded from L®(Q”) to L* (Q7). 
(3) There exists a constant C > 0 such that 


sup (|B (2) bE) — MB (Ozawa < C 


(4) There exists a constant C > 0 such that 


1 
“Tap f PD — Mba ley C 
Theorem 1.2 Assume that b € Lj,,(Q)), 0 <a<n0<8<1,0<a+ $< 
n, suppose that ® and WV are Young functions satisfying ® € YN Va and Vl(p-™”) & 
p+) 6-1 (p-”), then the following statements are equivalent. 
(1) b € Ag(Q”). 
(2) M2, is bounded from L°(Q%) to L” (Q3). 


(3) There exists a positive constant C such that 


_8 
sup |By(2)lp ” W= (|B (2) DBC) — braller a < C (1.3) 


(4) There exists a positive constant C such that 


1 
es —, | |b(y) — be aldy < C. (1.4) 
eQ? |B (x)|; B, (x) 


Remark 2 Theorem 1.3 obtains new characterizations of Lipschitz functions. Some 


similar results can be found in p-adic variable exponent Lebesgue spaces in [26]. 


For the case of œ = 0 at theorem 1.3. we have the following result, which extends the 


result of Theorem 1 in [15] to Orlicz space. 


Corollary 1.3 Assume that b € Lj,.(Q?), 0 < 6 < 1, suppose that ® and W are 
Young functions satisfying ®© € VYN Və and Vl (p-”) ~ p¥’S-!(p-7”), then the following 
statements are equivalent. 

(1) b € Ag(QN). 

(2) MP is bounded from L? (Q7) to L” (Q7). 
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(3) There exists a positive constant C such that 


2 
sup |B,(x)|,"Y'(|By(2) ln IOC) = ba, @yllae(B,(e)) < C. 


(4) There exists a positive constant C such that 


1 
ee —, | lb(y) — bay |dy < C. 
rer Bem Goa] B(x) 


In order to introduce the following results, we also need to give the p-adic version of 
sharp maximal function M$, for a locally integrable function f on Q}, then, in[17], define 
that 


1 
$ x) = sup —— 
Mee) = S00 Bh 


| Fe) = Feces 
B, (a) 


Where the supremum is taken over all p-adic balls By(x) C Q} and fz,(2) = man f By (1) f(y)dy. 
The following theorem introduce the commutator of sharp maximal function and Lipschitz 


function b in Orlicz space. 


Theorem 1.3 Assume that b € Lice QP) suppose that ® are Young functions sat- 
isfying ® € YN Və and V}(p-”) ~ p¥O-!(p-7”), then the following statements are 
equivalent. 

(1) b € Ag(Q%) and b > 0. 

(2) [b, M}] is bounded from L? (Qp) to L” (Q7). 

(3) There exists a positive constant C such that 


2 


sup [Bla ® "(\Bs(2)|n" IOC) - g Oleee (15) 


(4) There exists a positive constant C such that 


1 p? 
sp — af BO- goys (1.6) 
zen |B (x) Bala) 


Remark 3 Theorem 1.4 obtains new characterizations of the non-negative Lipschitz 
functions that differ from Theorem 1.2. Some similar conclusions were shown in the 


Lebesgue space in [14, 27]. 


For the case of ®(t) = t”. the following result can be obtained. We also see [27] 


Corollary 1.4 Assume that b € Lj,.(Q?), If 1 <r < 3 and i = 1 — Ê then the 
following statements are equivalent: 

(1) b € Ag(Q?) and b > 0 

(2) [b, M$] is bounded from L’(Q?) to L4(Q’). 


(3) There exists a positive constant C such that 


(4) There exists a positive constant C such that 


1 - 
UD ae | lo(y) — Np iy Vo Oxa, (lay 2g 
2a Bo Pe) 


Throughout this paper, the letter C always takes place of a constant independent of 
the primary parameters involved and whose value may differ from line to line. In addition, 
we give some notations. Here and hereafter ||, will always denote the Haar measure of 
a measurable set Æ on Q% and by x” denotes the characteristic function of a measurable 
set E C Q7. 


2 Preliminaries 


2.1 p-adic function spaces 


Assume that 1 < q < œœ, we denote L1(Q;) as the p-adic Lebesgue space, the space 
of all functions f is in the locally L3 space with finite norm 


Il fllze@ny = JA | f(x) |tdx) 9. 


P 


In addition, for q = oo and denote L™(Q}) as the set of all measurable real-valued 


functions f on Q% satisfying 


Il fll (an) = esau T(z) =inf{A > 0: |x € Q; : |f(x)| > Ala} < co. 
xEeQe 


Here, if the limit exists, the integral in above equation is defined as follows: 


[ventas = im f Weiter = tim Y f. odz. 


In particular, since Q? = U$S „Sy, and d(tx) = |t|/"dx(t € Q, \ {O}), if f € L1(QX), 


y=— 00 
then 
+00 
f(x)dz = bD f(x)dz 
Qg y=- Sy 
and 
f{(tx)dx = — f(«x)dz. 
on 5 Jon 


If a left-continuous , convex and increasing function ® : [0,co) — [0,00] satisfies 


lim,_04 ®(t) = 0, limo P(t) = œ, then we shall call #(t) Young function. 


Definition 2.1 Let ® be a Young’s function. 
(1) Denote by Y the set of all functions ® : [0, o0) — [0,00] such that 


0< @(t)<coo, 0<t<oco. 


(2) Denote by V2 the set of all functions ® : [0, o0) — [0,00] such that for some K > 1 


1 
P(t) < — (Kt t> 0. 
() <p O(Kt), t> 


If ® € yV, it is easy to show that ® is absolutely continuous on every closed interval in 
[(0,co) and bijective from [0,00) to [0,00), then there exists inverse function ®~!(s) = 
inf{t > 0: (t) >s}, s € [0, co}. 


Definition 2.2 Given a Young’s function ®, the Young’s complement Ẹ is defined for 


0O< z< œ by 


&(x) = SUPo<y<oo(ty — P(y)) if y € [0, oo], 
ee if y = œ. 


The definition and properties of p-adic Orlicz space are mentioned below. 
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We define the Orlicz space by L?” (Q7) to be the set of all measurable function g : 
Q; — R such that for some 6 > 0 


lg(@)| 
[ Og < 00 


When Ẹ is a Young function, which is a convex Orlicz function, the property 


n 
P 


Ifl = inf{a > 0: f TU EAN 


Qg a 
is well known as the Luxemburg norm that can be found in [22]. 
If (t) = t, 1 <q < œ, then L°(Q") = LI(Q7). If Ot) = 0, 0 <t< 1 and 
®(t) = œ, t> 1, then L? (Q7) = L” (Q7). 


2.2 Auxiliary propositions and lemmas 


In this part we state some auxiliary propositions and lemmas which will be needed for 
proving our main theorems. And we only describe partial results we need. 

The following Lemma gives the basic definition of p-adic Lipschitz spaces, and the 
third part can be found in [15]. 


Lemma 2.1 Assume 0 < 6 < 1 and Q}; be an n-dimensional p-adic linear space. 


(1) The p-adic version of homogeneous Lipschitz spaces Ag (Q%) is defined by 


Ag(Q>) = {f = Lioc(Q?) : Il fllas(on) < oo}, 


where 
IFAs = sup If) — FW) 
B\Xp x,yEeQr, xy |x = yif 


(2) If1 <q < œ, the p-adic version of Lipschitz spaces Lip4(Q;) is defined by 
LipZ(Q) = {f = Lie(@7) : Il fllrips (an) < oo}, 


where 


IF lling) = Sup Z 
AA 


- a \tdy)a 


(3) The homogeneous Lipschitz space Ag(Q?) are equivalent to the above Lip$ (Qp), 
that’s to say, 


II fllasion) © If lleig x): 
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The following result in the Euclidean space can be found in [22], by the similar way 


we can obtain the version of p-adic Holder’s inequality on Orlicz space. 


Lemma 2.2 Let Q} be an n-dimensional p-adic linear space. For a Young function ® 
with its complementary function Y. Assume that measurable function f € L° (Q?) and g € 
LY (Q72). Then there exists a positive constant C such that 


f, EON < Chlapa: 
P 
By elementary calculations we obtain the following results for the characteristic func- 


tion XB, (x): 


Lemma 2.3 Assume that ® be a Young function and B, (x) be a set in Q% with finite 


Haar measure. Then i 


IIx, w llre) = = 
e  6-1(/B,(a)|,) 


The following results can be obtained by Lemmas 2.2, 2.3, thus we omit the proof. 


Lemma 2.4 For a p-adic ball B(x) and a Young function ®. The following inequality 
is hold: 


|f @)ldy < C1B,(x)nO-"((B,(@) | VF llc eye) 


B,(z) 


The following results can be found in [20] in the Euclidean spaces, by the similar way we 


can obtain the following Lemma and omit the proof. 


Lemma 2.5 Assume that 0 < a < n,®,W be Young functions and ® € YN Və. 
Then for all y € Z, there exist positive constant C does not depend on y, such that the 
fractional maximal operator M? is bounded from L®(Q’) to L¥(Q") if and only if the 
condition p??@~!(p~™) < CW-1(p~”). 


The following Lemma (we can see [26],Lemma 2.11) can be obtained. 


Lemma 2.6 Let b € L;,.(Q)). For any fixed p-adic ball B,(x) C Q’. 


loc 


(1) If0 <a <n, then for all y € B,(a), we have 


MP (bx.p,(2))(y) = MP» ca) (6)(y) 


and 
MP(xp,(2))() = MP pg gy (XB) 0) = IBE) 
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(2) Then for any y € B,(x), we have 
[bB] < |By(@)|n” Ma,B,@) (6)(y) 
(3) Let E = {y € B (x) : b(y) < bp iy} and F = B (x) \ E = {y € B(x) : bly) > 


beg (œ)}- Then the following equality is trivially true 


f -trow = f |b(y) — bg, œ)ldy 
E F 


Finally, the following results plays a key role in proving our main theorems. For some 
details, see Lemma 2.7 in [26]. 


Lemma 2.7 Assume 0 < 8 < 1 and b be a locally integrable function on Q%. Then 
the following assertions are equivalent: 

(1) b € Ag(Q)) and b > 0. 

(2) For all 1 < s < ov, there exists a positive constant C such that 


1 1 1 
sup —s( f -M OEC (2.1) 
2e0n [ato ee) 


(3) (2.1) holds for some 1 < s < co. 


Lemma 2.8 Let O <a<n, 0< 6 <1,0<a+£6< n and f be a locally 
integrable function on Q}. If b € Ag(Q>) and b > 0, then, for any x € Q; such that 
Me(f)(x) < co, we have 


|b, MIAE) < lella, Magl f(e). 
In order to obtain our theorems, we need to prove the following result. 


Lemma 2.9 Assume that b € Lie) 0 <a<n,0<6<1,0<a+6< 
n, suppose that ® and Y are Young functions satisfying ® € V N Vz and Wl (p-7”) ~ 
pie) @-1(p-™), then b E€ Ag(Q") is necessary for the boundedness of [b, M?] from 


L*(Q") to L¥(Q%). 


Proof: For any fixed p-adic ball B,(x) and any y € B,(x), by applying Lemma 2.6, we 
have 


ISIR 


MA (bXB,@)) (y) = Map, (a) (O)(y) and M2(xB,(@))(y) = |By(x)| 
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Since [b, M?] is bounded from L°(Q") to L¥(Q”), by Lemma 2.3, then, 


|By(2)|,* YB (E)E) — |By(@) fn M2 po OOl) 
= |B; (e)l; * YB (e)z) 

lb M2.(xB, C) = MÈ (DXB) C| Le (B 

= |By(2)|; 7 YB, (@) eI, MIx o)l) 


_at+p a 
< C|B,(x)|, ” I(B 2) xB wle e) 
<C. 


In view of the proof of Lemma 3.1 in [26], we have 


1 2 
fb) -oltys — foe) 
|B, (a), * P0 Be) |, 7 B®) 


|By(2) |," M? s ca)(0)(W) Id. 


Thus, by applying Lemma 2.2, we get 


1 
—, | lb(y) — bp, (2) |dy 
By a) Jae 
_B a 
< C|By(x)|,"¥ (|By(@)ln Dil) — |By(2) |, "Me B(x) OOl Be) 
<C. 


It follows from Lemma 2.1 that b € Ag(Q%). 


3 Proof of the principal results 


Proof of Theorem 1.1 Since the statements (1) <= (4) directly are obtained by Lem- 
ma 2.7, we only need to prove (1) => (2), (2) => (8) and (3) => (4). 

(1) = (2), since b € Ap(Q;), and b > 0, by using Lemma 2.8, for almost every 
x E Q and for all functions from f € Li,.(Q) 


loc 


|b, MIAE) < llbllasap Magl f) (x). 


It follows from Lemma 2.5 that [b, M}] is bounded from L? (Q7) to L” (Q7). 
(2) => (3), We divide the proof into two cases according to the range of a. 
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Case 1. Ifa = 0. For any fixed p-adic ball B,(x) and any y € B,(x), we claim that 
(see also [15]) 


M?(xp,)(y) = Xew), M?(Oxz,0)(y) = MB, 4 (B)(y). (3.1) 


Then 
b(y) — Mz, (b) (y) = b(y) MP (xB, @)) (y) — M?(bxB,(0))(Y) = [b, MP] (x8, ())(Y)- 
By using the condition U-"(p-™) & pV) (p-™”) = p27G-!(p-™) and Lemma 2.3, 
we get 
8 
Boz) nF (IB (ale lO) — MB. a) O Ilo B(x) 
—8 
= |By(x)|, "OB (@) in VI, Ml xe, Olle) 
68 
< C|B,(2)|,"F"(B@ln DXB) e) 
<C: 


Thus, we obtain (1.1). 
Case 2. If0 < a< n. For any fixed p-adic ball B,(x) C Q}, 


|B,(2) |, YB, ERN) = May) O Olare) 

< |B, (2) |," YB) fg DIC) — |B,(x)|," M. A i? Olle (By (@) 

+B E)K YB, (0) x IMB, OO — BE) Mg. OOl) 
:= h + h. 


We first consider I,. For any y € B,(x), it follows from Lemma 2.6 that 


Sse 


MEX Be) (V) = M? p (y) and M2(xe e)l) = M? p gy (XB,(0))(W) = B2) IF. 


a,By 


Then, for any y € B,(x), 


BU) = LB (E)K ME m OW) = B E COBI = M (BW) 
= |B, (2)l;* W(U)M? (xe) (V) — MP(bx,(2))(y)) 
= |B; (x)|; " b, M21 (XB, eW). 
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In view of [b, M2] is bounded from L*®(Q”) to L*(Q?), by using Lemma 2.3 and the 
hypothesis U-!(p-1”) œ pYet+9)h-1(p-7”), then 
_8 
D = |B,(#)|,"Y(|By(@) |, MI) — [By (a) hn" Me B @ Oleee) 
— ath 
= |B (2) ” NR (£) lb, ME] Xew) (By (a) 


< CIB (a)i IHIB ERr 
<C. 


Next, we further estimate I>. For any y € B,(x), by using (3.1), we have 


IMP, y(b)(y) — |B (2); " M? » e O) 
= |By(2) "1M? g ÈY) — |By(2)f ME, O) 

= |B, (x)|; ” |M2(bxB, («))(y) — MB(xB,(«))(y)M?(bxB,(0))(9)| 
< |B,(x)|,"|MP(bxe,2))(y) — [Bly ie. )(y)| 

+ |B, (2)|;* (OY) M2 (xB, («))(¥) — MB (xB, (2))(Y)M?(bxB, (2))(9)| 
= |B,(x)|,"|M2(b(y)|xB, (2) (y) — [b(y) M2 (xB, («))(y)| 

+ |By(e)|, M? (XB («))(y) BY) MP (xB, (@))(y) — M? (xB) Y) 
= |B,(x)|, ” [b], M2 lz, a)(y)| + Illl, MXB). 


Now, since [b, M2] is bounded from L®(Q") to L*(Q?), then it follows from Lemma 2.9 
that b € Ag(Q)), which implies |b| E€ Ag(Q)). 
By using Lemma 2.6 and Lemma 2.8, for any y € B,(x), we have 


at 


[lb], Max, @)(Y)I < llbllascag Masa(xB,@)(Y) < Cllollasesy|By(2) 1,” 
and 
8 
[lb], M?lxB,@(¥)| < ollas Ms (xB, @)(¥) < Cllolla,|B,(2)Iz- 
By using Lemma 2.3, we obtain 
8 
h = |B,(x)|, "(By (2) IMB @ (OVC) - |By hn” M pe OOla) 
SCAB E I * it Ma]xa,(a)llz¥(B,(«)) 
8 
+ |B; (2), "Y= (Bæ) YIM], MP lx, w llea) 
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< C([lbllagcony(Y"(By(2) nlx, llea) 
< C]lPllasez): 


By the above Iı, I> estimates, which leads us to (1.1) since B,(x) is arbitrary. 
(3) ==> (4). In order to deduce (1.2) from (1.1). Assume (1.1) holds, for any fixed 
p-adic ball B,(x), by using Lemma 2.2 and (1.1), we obtain 


1 
+f ba- .OW)lay 
By(«)*" free . 
< CIB, (2)|," YU(IBy(x) OC) — MB, OOl) 
<C. 


The proof of Theorem 1.1 is completed. 


Proof of Theorem 1.2 Since the implications (1) <== (4) follow readily from Corollary 
1.3 in [26], and (3) <= (4) follows from Lemma 2.2 directly, we only need to prove 
(1) = (2), (2) = (3). 

(1) = (2), since b € Ag(Q>), for any p-adic ball B,(x) C Q 


1 
MP. (f)(2) = sup — f b= b(y)ILF(w) dy 
YEZ |By(x) F Jee) 
1 
T T E f le — ylPLF (y) dy 
PP yeZ |B (x) |,” J Bolo) i 
1 
< Clbllaycas) sup — as i. Fid 
r€2 |B (2)|! (e) 
< Cllbllasap M? (A) (2). 


Thus by Lemma 2.5 we get that M2, is bounded from L® (Q7) to LY (Q7). 
(2) => (3). For any fixed p-adic ball B,(x), we have for every y € B,(x), 


ew) = Poel < TET; Ja p PO ON: 
1 1 
= = b By (x d 
m aH Joe MHOC 
1 
= Bae eA )(y).- 


Since MP, is bounded from L® (Q73) to L*(Q}), noting that U1 (p~-™) ~ perth“ (p7) 
and by applying Lemma 2.3, we have 


e 
|B(x)|, "W (|B (E)Z bC) — ba œ llre e) 
1 = 2 
< eg V (|B (x) ME (Xeelee) 


< C—a YW (|B (2) 1X8, ele) 


which implies (1.3). Thus, we finish the proof of Theorem 1.2. 


Proof of Theorem 1.3 Since the implications (1) <== (4) follow readily from Theorem 
1.4 in [14], we only need to prove (1) => (2), (2) => (8), (3) => (4). 

(1) == (2). Assume b E€ Ag(Qh), and b > 0, for any p-adic ball B,(x) C Qf, the 
following estimate was obtained in [14]: 


Ilb, MELF(z)| < Cllbllagcosy Mg (S) (2). 


Therefore, by using Lemma 2.5, we obtain that |b, MŁ] is bounded from L? (Q3) to LY (Q}). 
(2) = (3). Assume that [b, M4] is bounded from L®(Q?) to L* (Q3). In order to prove 
(1.6). For any fixed p-adic ball B,(x), we have (see also [14]) 


Minoo) = BS, ye B(x) 
Then, for all y € B,(2), 
WY) — oy Milbxe ee) = a= oo Doly) — Mixe w0) 
= zg DOOM Xe,0)0) - M Oxe aW) 
p? 


Since |b, M$] is bounded from L? (Q3) to LY (Q7), then by applying Lemma 2.3 and noting 
that U-1(p-) ~ pP! (p I"), we have 


BOR ITHBDRIO - g Mo Oleee 
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e S 
= NE IBK DIb, ME] (xB, wlr e 


_8 
< CIB, (x)|,"O(By(@)ln IIxB,@llz2 en) 
<C. 


Then we obtain (1.5). 
(3) = > (4). Assume (1.5) holds, we need to prove (1.6). For any fixed p-adic ball 
B,(x), according to Lemma 2.2 and (1.5), we have 


1 p 
rere! (x) eta) — Mp wy Melanie) (olay 
Y. h Y 


< CIBOR IBRO - xe Olea) 
<C, 


which implies (1.6) since the constant C is independent of B,(x). Therefore, we finish the 
proof of Theorem 1.3. 
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